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Abstract

Radiomics is a medical imaging technique that aims at extracting a/large amount of fea-
tures from one or several modalities of medical images, incorder to help diagnose and treat
diseases like cancers. Many recent studies have shownythat)Radiomics features can offer
a lot of useful information that physicians cannotwextract from these images, and can be
efficiently associated with other information like gene or protein data. However, most of
the classification studies in Radiomics report. the use of feature selection methods without
identifying the underlying machine learnings¢hallenges. In this paper, we first show that the
Radiomics classification problem should be viewed as a high dimensional, low sample size,
multi-view learning problem. /Theny we propose a dissimilarity-based method for merging
the information from the different yiews, based on Random Forest classifiers. The proposed
approach is compared-to different state-of-the-art Radiomics and multi-view solutions, on
different public multi-view datasets as well as on Radiomics datasets. In particular, our ex-
periments show that, the proposed approach works better than the state-of-the-art methods
from the Radiemics, as well as from the multi-view learning literature.
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1. Introduction

Radiomics is a medical imaging technique that has aroused great interest over the past
few years [1]. The core principle of Radiomics is to extract a very large number of features
from multiple medical imaging modalities, in order to help to automate and improve diagno-
sis and treatment of certain diseases, like cancer for example. Radiomic featuresphalong with
the use of machine learning techniques, allow to retrieve useful informatién from’images,
usually invisible to the naked eye [2]. Furthermore, the information is thought niowadays to
be complementary to clinical, pathological, and genomic informations|3;=:

From our point of view, the main reason behind the success of Radiomics is that models
and classifiers are learned from many different families of features, which vehicle different
types of information that assume to be complementaryito each other. This can stem from
the use of different extractors applied on the same image modality, or from the joint use of
different image and /or non-image modalities [5,6, 7, 83,9]. In the case of cancer treatment for
example, the use of several sets of features,dwith\different clinical interpretations, efficiently
helps to capture the important heterogemeity of cancers [10, 11]. The Radiomics features
for cancer treatment, not only reflectadifferent biologic mechanisms, such as gene-expression
patterns or cell cycling pathways [12],/but also provide more valuable clinical information
than conventional medical smaging techniques [13].

From the machine learning point of view, learning from Radiomic features can be char-

acterized through threechallenges:

1. Small sample size: Due to different acquisition protocols, different laws or politic
issues;-Radiomics datasets are usually very small, with often no more than 50 patients
[147015, 16, 17]. It is a recurrent difficulty in medical pattern recognition tasks, that
is/exacerbated here by the fact that each institution is using its own medical protocol,
based on its own image acquisition parametrization.

2. High dimensional feature space: By definition, a large amount of Radiomic fea-
tures has to be extracted from the images. High dimensional feature spaces are also
usual in medical imaging, but it is again accentuated here by the fact that several
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families of features are needed for tackling the strong heterogeneity of cancers. No
quantitative definition of 'large amount’ is given in Radiomics studies but the number
of features is usually above 4 or 5 times the number of learning instances [5, 18, 7|.
For example, the Radiomics dataset used in [19] is made up of 84 patients and 6746
features.

3. Multiple sets of features: In many studies, the Radiomics features: deseribe the
tumor intensity, shape and texture [5], but also sometimes come from other modalities
like clinical or genomic information. Exploiting the complementarity of the different
sets of features is a challenging task that requires dedicated machine learning tech-

niques.

The first two challenges form what is called an HDESS (High Dimensional Low Sample
Size) machine learning problem, which is common in miedical pattern recognition problems.
The third challenge, however, is more specific o Radiomics and can be viewed as a multi-
view learning problem. Most of the Radiomiics works in the literature ignore this specificity
and treat Radiomics as a single-view preblem by concatenating all the Radiomics features to
form a unique, very high dimensionalfeature space. As a consequence, most of these works
use some feature selection techniques fo find a relevant feature subset while reducing the
dimension at the same time. Ugually in that case, the most used feature selection methods
are filter methods that_seleet a subset of features independently from the learning phase
[7, 20, 1]. The maip-reagon in our opinion for using filter methods in that case is that taking
the classifier outcomie into account would require to use a validation set, which is difficult in
a HDLSS setting |13, 6, 5]. However, when few features are selected regardless the learning
task, a lot of wseful information may be lost, that could have been important though to
efficiently. tackle this task.

In this work, we propose to consider the Radiomics learning task as an HDLSS multi-
view learning problem. In the multi-view learning literature [21], three main approaches
are typically proposed: (i) early integration methods that concatenate the views together

and treat them as a single-view problem, like in the Radiomics works mentioned above;



(ii) intermediate integration methods that fuse the views before learning; and (iii) late
integration methods that combine models learned separately on each view.

In a preliminary study [22], we have shown the potential of multi-view approaches,
i.e. intermediate and late integration approaches, in comparison with early integration
methods. We have also shown the interest of using the RFD (Random Forest DisSimilarity)
mechanism for tackling the HDLSS challenges, a mechanism that takes both feature and
class information into consideration, and that efficiently deals with highl, dimensional data
without feature decimation. The present work is an extended version of [22| by adding:
(i) the theoretical justification of the two proposed methods RESVM and RFDIS based on
the RFD measure; (ii) a deep analysis of the influence ofthe main hyperparameters on
the quality of the RFD measure along with recommendations for parameterization; (iii) an
extended experimental validation on more multi-view_ dataséts, with comparison to more
state-of-the-art methods. Notably, the two proposed approaches are compared to a similar
dissimilarity-based learning method from the literagure (named MDSRF in the following)
and a Multiple Kernel Learning (EasyMKL)unethod that offers an alternate way to combine
multiple dissimilarity-based representations.

The remainder of this paper is.organized as follows. The related works in Radiomics ap-
plications and multi-view learning are discussed in Section 2. In Section 3, the dissimilarity-
based representation is intreduced and the parametrization of the RFD measure is studied.
In Section 4, two dissimilarity-based multi-view learning solutions are proposed. The proto-
col of our experiments and the results are described in Section 5. The final conclusion and

future works are given in Section 6.

2. Related Works

As'explained in the introduction, Radiomics can be seen as an HDLSS multi-view learning
problem. In this section, we give an overview of the different multi-view learning approaches
that have been proposed in the literature and analyze if they are suitable for HDLSS prob-

lems like Radiomics. According to [23], there are three main kinds of multi-view approaches:



early integration, intermediate integration and late integration. Their underlying principles

are detailed below and illustrated in Figure 1.

1. Early integration methods directly concatenate different views together and adopt a
traditional single-view learning approach [23|. Most works in Radiomics belong to this
category of methods.

2. Late integration methods firstly build separate models on each view and combine
them afterward. Co-training and MCS (Multiple Classifier Systems) are the two main
solutions of this category.

3. Intermediate integration methods fuse the information from different views at the
feature level and perform learning in the joint feature'space [24, 21]. The most used

feature integration methods include subspace learning and MRF (Multi-Representation

Fusion) methods [21].
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Figure 1: Flowcharts of the three multi-view learning approaches with (a) early integration, (b) intermediate
integrationiand (¢) late integration

2.1. Early integration methods in Radiomics

Most state-of-the-art methods in Radiomics concatenate all the Radiomics features to-
gether and apply a feature selection procedure (Figure 1 (a)). These feature selection meth-

ods are mostly used to reduce the redundancy, noise, or irrelevant features without an
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expected significant loss of performance. Generally speaking, feature selection methods can
be divided into three groups: filter methods, wrapper methods, and embedded methods
[25, 26, 27].

Filter methods consist in ranking features according to a given criterion measured on
each feature separately, and in using only the best ones according to a predefinednumber or
to a threshold [25]. Several studies have compared different criteria for filter methods, along
with reliable Machine Learning methods, to find the optimal combination for Radiomics
applications |7, 6, 9]. From these studies, the most efficient criteria ate WLOX (Wilcoxon),
MRMR (minimum redundancy maximum relevance), RELF (Relief) and"MIFS (mutual in-
formation feature selection) [18, 8, 9, 6]. In [7], 14 criteriasand 12-different classifiers are
compared on images of lung cancer patients. The best results are obtained using WLCX,
MRMR and MIFS. In [9], 24 criteria along with 3 classifiers.are compared, the best perfor-
mance being obtained with a RELF-based features\selection with a Naive Bayes classifier.
Note that the RELF-based filter feature selection approach is also quite efficient on other
types of HDLSS problems |26, 28].

Wrapper methods consist in selecting the subset of features that optimizes the clas-
sifier performance, typically measured on an independent validation dataset [26]. Since an
exhaustive search is computationally intensive, wrapper methods usually adopt suboptimal
searches, such as sequential search, or heuristics, such as genetic algorithms [25]. As far as
we know, very few weorks have tried wrapper methods on Radiomics problems, and usually
report worst results in comparison to REFL-based filter methods [29, 15]. We think it is
due to the HDLSS setting that makes difficult to use an independent validation dataset for
the search for the"best feature subset.

Embedded methods refer to methods for with the search of the best feature subset
is guidéd by the learning process [25]. In other words, the learning part and the feature
selection part can not be seperated. Compared to wrapper methods, these feature selection
methods are less computationally expensive and less prone to overfitting [30]|. Several works
have successfully used an embedded feature selection method, namely SVMRFE (support

vector machine recursive feature elimination) [31], on Radiomics tasks. This approach differs
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from the filter approaches by embedding the feature selection into the learning procedure,
so that it can take the resulting classifier performance into account. In [32, 33|, the authors
show that SVMRFE is very accurate on Radiomics data. Note that the SVMRFE method
is also known to be efficient on other kind of HDLSS problems [26].

Most of the Radiomics works use one of these feature selection methods, Atong with
carly integration (Figure 1 (a)), because they deal well with HDLSS datasets. However,
they may easily filter some useful information for the classification tagk. “I'’he rationale
behind extracting many different features is that all of them could be relevant for a given
task and may complement each other for that purpose. If only a g§mall subset of the features
is chosen, certainly a lot of useful information will be lost and thesheterogeneity can not be
well represented.

Filter methods have the advantage not to require a walidation set to perform feature
selection, which is probably the reason why they are.mostly used in Radiomics applications.
However, they ignore the resulting classification, perfermance and therefore, are usually less
accurate than embedded and wrapper methods. On the other side, these two other families
of approaches usually have a higher computational cost and are not very suitable for very

low sample size problems.

2.2. Late integration methods i Radiomics

There are mainly two, sorts of late integration methods: Co-training methods and Mul-
tiple Classifier Systems (MCS).

Co-training methods are semi-supervised methods that maximize the mutual agreement
on two distinct,views on unlabeled data by exchanging information among classifiers [34]. In
practice, the original co-training algorithm may suffer in the presence of view disagreement
caused byrnoise or view-corruption, and even very few inaccurately labeled examples can
greatly affect the performance [35]. As explained in the introduction section, Radiomics
datasets are usually composed of very few labeled instances and no additional unlabeled
instances are available. As a consequence, co-training approaches are not straightforwardly

applicable to Radiomics tasks. MCS consists in building different classifiers and combining
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their outputs using techniques like majority voting. In general, the rationale behind using
MCS is that combining several slightly different classifiers usually outperforms the most
accurate of them [36, 37|. In multi-view learning, one classifier is usually built on each view
and combined with the others afterward (Figure 1 (c¢)). The goal here is to exploit the com-
plementarity of each view at the decision level. For example, in [38], the authors proposed
to use five heterogeneous feature groups which represent different aspects ofssemantics for
identifying health related messages in social media. Then, they chose five classifiers along
with different combination operators to combine the predictions. Simply integrating the
results of different classifiers makes MCS fast, efficient and flexible for multi-view learning.

In contrast with early integration methods, MCS-based lateintégration methods can
exploit the complementarity of the different views by seeking tofind the consensus among
them. As far as we know, late integration has been applied'to.many multi-modalities medical
problems but never on Radiomics problems so far.“The reason may be that in Radiomics,
most views are already HDLSS independently ‘of ‘6me another: if MCS can deal well with
multi-view data, they can however hardly deal with the HDLSS setting since they usually

require a validation set for learning/optimizing the combination operator (fuser in Figure 1

().

2.3. Intermediate integration methods in Radiomics

Intermediate integration methods adopt one of two principles: Subspace learning or
Multi-Representation Fusion (MRF).

Subspace learning aims at finding a latent subspace shared by all the views and at fusing
them togetherin the shared view. Subspace learning is an efficient multi-view dimensionality
reductionitechnique, but most subspace learning methods are unsupervised and ignore the
superyisedrinformation, which may lead to a subspace with weak predictive ability [39].

The main idea of MRF is to project each view into the same joint description space. By
doing so, the views are directly comparable and can easily be merged together, resulting in
a unique representation that is supposed to preserve the information from each view (Figure

1 (b)). Kernel-based MRF methods are the most popular for multi-view learning [40, 41].
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For example, in [42], an SVM method is proposed that firstly computes separate kernels for
each view and then sums the results. The multiple kernel function is given by Equation 1,

where g and p stand for gene expression and phylogenetic profiles, and K is a local kernel.

Kcombined<X7 Y) = K(Xgaifg) + K(Xp,Y;,) (1)

Methods that combine many different kernels together, linearly or not; are called MKL
(Multiple Kernel Learning) methods [43|. The literature on MKL is abundant, and reviewing
the different approaches is out of the scope of this paper. However, as MKL is straightfor-
wardly applicable to multi-view learning problems [44], one of its representatives has been
included in the experimental comparison of Section 5. Kollowing the recommendation in
[45], we choose the EasyMKL method since it is one of the most recent and accurate MKL
methods nowadays. Let us mention that one ofsthesapproaches proposed in this paper,
namely RFSVM, is quite similar to an MKL ‘method that would use a "simple" average
of kernels. As shown in [45], most of the state-of-the-art MKL methods do not necessarily
significantly outperform this kind of kérnel*eombination.

From our point of view, the MRF approach is the most suitable for Radiomics problems,
since it is a multi-view learning principle, but also because it can deal well with HDLSS
problems. In particular, the joint/description space in which the views are projected can
naturally be based on (dis)similarities, as with the kernel trick, which is powerful to overcome
the high dimensionalityuissue, as it will be shown and discussed in the rest of this paper.
Nevertheless, asfar-as e know, MRF has never been applied on Radiomics data, though it

has already~been applied to some medical pattern recognition problems.

2.4. iscussion

In a nutshell, one can see that there are mainly three methodological choices for tackling
HDLSS multi-view problems: early integration with filter feature selection, MRF-based in-
termediate integration and MCS-based late integration. However, feature selection ignores

the complementarity of the different views while MCS cannot deal well with the HDLSS prob-
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lem. As for the MRF methods, they can deal with both aspects of our Radiomics context:
MRF methods are naturally suited to multi-view learning, and their use of (dis)similarities
is powerful to overcome the difficulty raised by the high dimensionality of data in HDLSS
problems. They also make the fusion of views very straightforward since (dis)similarities (or
kernels) are by construction comparable from one view to another.

However, most kernel-based MRF methods work along with SVM in theskernel space.
An alternative would be to learn directly in the dissimilarity space, ordin a‘dissimilarity-
based embedded space, as explained in [46, 47]. For example, in[48], the authors use
multi-modal data for Alzheimer’s Disease patients. To combiné four modalities together,
they compute an RFD (Random Forest Dissimilarity) matrix forseach modality and then
fused the four matrices by averaging. Finally, multidimensienal scaling is used on the joint
dissimilarity matrix, and another RF (Random Forest) classifier is trained in the resulting
embedded dissimilarity space. Compared to other kernel methods, RFD has the advantage
of taking both feature information and class membership into consideration for computing
dissimilarities between instances, thus expected to be of better quality. More details about

the RFD measure is given in the next section.

3. Dissimilarity-based representation

As discussed above, intermediate integration methods can generate a better representa-
tion of data by taking,advantage of the complementary information contained in each view.
However, the question of how to integrate information coming from different views is a chal-
lenge because different views may have different number of features, different feature types,
and are not directly comparable. Projecting each view of the data in some dissimilarity
space_can offer a smart solution to that issue as views become comparable (same feature
type, same feature space size) and the dimension of the initial HDLSS data is reduced. In
this section, we first introduce the dissimilarity-based representation, how it can be built
using RF and how the RF hyperparameters influence the quality of RFD measure.

Let us recall the definition of a dissimilarity matrix. Let T = {(X1, v1), (X2, %2), ..., (Xn,yn)}

denotes a training set made up of N instances X;, each labeled with its true class y;. De-
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noting X the domain of the Xj, a dissimilarity measure d is a function from X2 to R* that
estimates how dissimilar two instances are. For two given instances X; and X, a high value
d(X;,X;) means that the two instances are very "different", while on the opposite, a low
d(X;,X;) means they are very similar. In particular, d(X;, X;) = 0. For classification prob-
lems, the dissimilarity between two instances from the same class is expected tobe small,
while on the contrary the dissimilarity between two instances from two different elasses is
expected to be high.

Now, let D denote a N x N matrix, called a dissimilarity matrix, built” from a given

dissimilarity measure d and from a training set T, and defined a$ in Equation (2):

din diz diz ...y
d d doz A d

D |9 %2 O3 2N, 2)
dvi dny dyges.” dyn

where d;; denotes d(X;, X;), for all (X7, Xj)e T x T.

D is non-negative and respects the reflexivity condition. Such a dissimilarity matrix
can be viewed as a new training Set,/where each training instance X; is described by a
vector {d;1,d;a,...,d;n}. A0 the same way, using the dissimilarity to each of the training
instances, any new instance X,can be mapped into a N dimensional dissimilarity space DS.
For HDLSS data, the dimension of this dissimilarity space is necessarily smaller than the
dimension of the original feature space.

Typically, a distance measure such as the euclidean distance can be used to measure
dissimilarities./ However, such a measure does not capture the class membership, which is an
importantyeriterion to tell whether or not two instances are similar for the classification at
hand. Compared to such a distance function without class information, class-based dissim-

ilarity measure is more powerful, as with the Random Forest dissimilarity measure detailed

in [49].
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3.1. Random forest dissimilarity

Random Forest has been a very popular data mining and statistical tool for years due
to its transparency and great success in classification and regression tasks as well as in
unsupervised learning or active learning tasks [49, 50].

Given a training set T, a Random Forest (RF) classifier H is a classifier made up of M

decision trees, and is denoted as in Equation (3):

H(X) = {h(X),k=1,..., M} (3)

where hj(X) is a random tree grown using bagging and randem feature selection. We refer
the reader to [51, 52| for more details about this procedute. Note however that there exist
many different RF learning methods that differ from«the,one/in [51] by the use of different
randomization techniques for growing the trees. However, we choose to use this reference
method since it is the most commonly used in‘the,literature and since each RF learned in
this work is mainly used to compute the dissimilarities and not necessarily to exhibit the
best accuracies.

For predicting the class of a given query instance X with a random tree, X goes down
the tree structure, from its root,till'its terminal node. The descending path is decided by
successive tests on the values ofythe features of X, one per node. The prediction is given
by the terminal node/or leaf riode) in which X has landed. We refer the reader to [52] for
more information/about ‘this process.

Hence if two query’instances land in the same terminal node, they are likely to belong
to the same class.and they are also likely to share similarities in their feature vectors, since
they haveifollowed the same descending path.

The'RFD measure Dy is inferred from an RF classifier H, learned from T. Let us firstly
define a dissimilarity measure inferred by a decision tree d*): let L, denote the set of leaves
of the k' tree, and let [(X) denote a function from X to L that returns the leaf node
of the k' tree where a given instance X lands when one wants to predict its class. The

dissimilarity measure d®), inferred by the k*" tree in the forest is defined as in Equation
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(4): if two training instances X; and X; land in the same leaf of the k' tree, then the

dissimilarity between both instances is set to 0, else set to 1.

W x) - 1" if 1(X,) = 1(X;) "

1, otherwise

The RFD measure d')(X;, X;) between X; and X; consists in calculating d® for each tree
in the forest, and in averaging the resulting dissimilarity values over the N trees, as in
Equation (5):
M
d™(X;, X;) = i > dP (X, X) (5)
k=1

3.2. The parametrization of RFD

The RF learning algorithm, whether it is usedfor computing a dissimilarity or not, is
controlled by important hyperparameters. While most of these hyperparameters have been
extensively studied when RF is used as a classifier; their influence on the quality of the RFD
measure is not that clear. In particular, the following hyperparameters are assumed to be

crucial for having a "good" RFDdmeasure:

e Forest size M: Ag’explained in [51, 53|, it is now known that the RF accuracy
converges for andmcreasing number of trees in the forest. One can naturally wonder
if the same goes for the quality of the corresponding RFD measure. As explained in
the previous section, RFD is computed by averaging over the dissimilarity matrices
inferred by each tree. If the number of trees is very small, say 5 trees for example,
the RFD), estimate would always be one of the 5 following values: 0, 0.2, 0.4, 0.6, 0.8
or by Obviously, this is not accurate enough for describing (dis)similarities between
instances. When the number of trees increases, the RFD value is expected to be more

accurate and reliable.

e Tree depth o: The rationale behind studying the influence of the tree depth on the

RFD quality is less obvious. When the node is deeper down the tree structure, it is
14



usually more "pure", that is to say it gathers training instances from the same class
mostly. This is desirable since it means the RFD values will reflect the class mem-
bership: two instances from the same class will be considered quite similar. However,
at the same time, the deeper the node, the smaller it will be, that is to say the fewer
instances it will gather. As a consequence, the resulting RFD matrix is likely to be

sparse, and the dissimilarity measure too loose.

To illustrate the influence of these hyperparameters, an RF classifieryis ‘built on the
dissimilarity matrix induced from different combinations of numbers.ofitrees and tree depths
on three toy datasets. The three toy datasets, composed of 100 instances, two features and
two classes, have different shapes and complexities, as shown“in the first column of Figures
2a and 2b: (i) the first row is a dataset with two isotrepic Gaussian classes to show how
the RED measure behaves differently from a traditienal Euclidean distance measure; (ii) the
second row is a donut-shaped dataset, more cemplexrwith regards to similarity measures
because, contrary to the RFD measure, a distance-based dissimilarity would fail to represent
the class membership; and (iii) the third"rew is a banana-shaped dataset used to confirm
that the RFD measure can properly“take into account the class membership to estimate
dissimilarities. The decision frentiers given by these RF are shown in the last three columns
of Figure 2a and Figure 2b’

Figure 2a shows thesinfluence of the number of trees when their depth is set to the max-
imum. For the dataset (i) (first row), 8 trees are enough to achieve good performance. But
for the two other datasets, the influence of the number of trees can be better highlighted.
For an increasing mumber of trees in the forest, the quality of RFD gets better as shown
in Figure 2a, and it is also reflected on the decision frontier. It can be seen that for both
datasets;the decision frontiers better suit to the classes (i.e. describe more and more cor-
rectly the data structure) when the number of trees increases. Therefore if we want the
RFD measure to be accurate for each of the cases, it is necessary to have as many trees as
possible.

Figure 2b shows the influence of the tree depth for a forest of 1024 trees. For the dataset
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Figure 2: Influence of the hyperparameters on the decision frontiers for 3 toy datasets.
points are the training/instances and the opaque points are the test instances. Note that in the sub-figure
(b), the decision boundaries do not change in the first row because the maximum depth is 1.

(i), there.is no/difference in the three scatter plots because the maximum depth is equal to
1. For the,two other toy datasets, it can be seen that the decision frontiers are sharper and
better fit the training set when the tree is deeper. In particular, when the tree depth is not
maximum, the decision boundaries are not sharp enough: this is because, in this case, the
trees fail to capture the class membership of similar instances.

In summary, these results show that if we want the RFD measure to be accurate, it is
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necessary to have the maximum tree depth, with a large number of trees in the forest.

3.2.1. Protocol of experiments for real-world datasets

To confirm the trends observed on the toy datasets, the hyperparameters are further
studied on real-world multi-view datasets. A general description of these datasets can be
found in Table 1. The first four datasets are Radiomics problems. The others 14 datasets are
non-Radiomics datasets but relate to similar HDLSS multi-view applications., More details
about the Radiomics datasets can be found in the work of [19]. As for the,non-Radiomics
datasets: LSVT is a dataset on vocal performance degradation of*Parkinson’s disease sub-
jects [54]; Metabolomic contains biomarkers (CEA and TIMP), fluorescence concentration
(PF) and NMR profiles for early detection of colorectal cancer[55]; BBC and BBCSport are
text classification problems constructed from the news article corpora by splitting articles
into related segments of text [56]; the remaining datasets,(Cal7 and 20, Mfeat, NUS-WIDE2
and 3, and AWAS and 15) are classical image classification datasets obtained using different
feature extractors. Similar to the work of([57], ‘these latter datasets have been randomly
down-sampled to simulate the HDLSS ‘setting.

All these datasets are multi-view datasets, that is to say they are supplied with several
views of the same data instanees. However, as the goal of this first experiment is to study
the effect of hyperparametetrs omthe quality of the RFD measure, we considered the 71 views
(coming from the 15 datasets),separately, as independent datasets.

Both hyperparameters M and ¢ have been tested with the following values:

e Forest size M &78,16,32,64,128,256,512,1024}: first, an RF with 1024 trees is built;
the/performance is then monitored with the first 8 trees, the first 16 trees, and so on,
untiltall’the 1024 trees are used in the RF. Recall that for training a random forest,
trees are grown independently from each other. Therefore, retaining a subset of trees

in a forest already built is just a mean to save computation time.

e Tree depth ¢ : an RF is firstly built with fully grown trees. For each RF, the maximum
tree depth 0,,4, is computed. Then, the quality of the RFD is measured by only
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Table 1: Overview of the real-world datasets used in our experiments. IR (imbalanced ratio) is the number
of instances of the majority class over the number of instances of the minority class.

#features F#samples F#views FHclasses IR

nonIDH1[19] 6746 81 5 2 3
IDHcodel[19] 6746 67 5 2 2.94
lowGrade[19)] 6746 75 5 2 1.4
progression|19] 6746 84 5 2 168
LSVT|[54] 309 126 4 2 2
Metabolomic[55] 476 94 3 2 1
Cal7[57] 3766 1474 6 7 25:74
Cal20[57] 3766 2386 6 20 24.18
Mfeat[58] 649 600 6 10 1
BBC[50] 13628 2012 2 5 1.34
BBCSport|56] 6386 044 2 ) 3.16
NUS-WIDE2[59)] 639 442 5 2 112
NUS-WIDE3[59] 639 546 5 3 1.43
AWAS[60] 10940 640 6 8 1
AWAT5[60] 10940 1200 6 15 1

considering nodes above depth i € {1,2,3,..., 04z}, that is to say by considering

that each branch of each tree has not been grown beyond depth .

Following the conclusion of461]jthe quality of the RFD measure obtained with different
combinations of these hyperparameters is now assessed with a 1-Nearest Neighbor classifier
(INN) that uses the dissimilarity values instead of a distance metric. This method can well
reflect the quality of a dissimilarity measure, because the idea behind 1NN is that the most
similar instances should belong to the same class. A stratified random splitting strategy
has been used.to obtain a robust estimate of the performance of these 1NN classifiers. Each
dataset has be¢n randomly split 50 times, with 50% of the instances for training and 50%

for testiA grid search has been performed on M and 6 over the 50 random splits.

3.2.2. Results on real-world datasets
The results on the 71 views are presented in this section as mean and standard deviations
of the classification rates over the 50 runs. To better illustrate the results, a 2D color-map is

drawn for each dataset, as in Figure 3. The warm color (yellow) stands for a relatively high
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quality of the RFD as measured by the INN accuracy while the cold color (blue) stands
for relatively low quality. The y-axis corresponds to the number of trees, and the x-axis
corresponds to the tree depth. For clarity concerns, only four examples are shown in Figure
3. However, these four color-maps have been chosen as they are good representatives of all

the results we have obtained in this experiment.
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(a) IDHCodel view2 (b) lowGrade view4 (c) LSVT view2 (d) CalT views

Figure 3: Color-maps of 4 of the 71 wiews.

Additionally, a statistical test of significance*has been performed over the 71 views to
state whether or not the differences observed on these color-maps are statistically significant.
However, also for clarity concerns, only nine eombinations of M and ¢ have been considered
among all the possible combinatiens shown on the color-maps. Table 2 sums up these nine
parameterization settings, that have been chosen according to the conclusions drawn on
the toy datasets in the préviousisection. The statistical test used in this experiment is the
Nemenyi post-hoc test” with CD (Critical differences), as recommended in [62].

The results of'the statistical test are shown in Figure 4. Over all the 71 views, the
best rank is achieved /by the mazmax setting, followed by halfmaz, mazxhalf and halfhalf.
The performance-6f maxmazx, halfmax, mazhalf and halfhalf are significantly better than
the performance of minmin, minhalf, minmazx, halfmin and maxmin, which confirms the
observations made from the color-maps in Figure 3: the bottom-right corner (maximum
trees, maximum depth) globally corresponds to better accuracies than the top-left corner
(minimum trees, minimum depth). One can conclude that with a large number of trees, all
fully grown to their maximum depth, the quality of the resulting RFD measure is guaranteed

to be close to the best possible.
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Table 2: The 9 combinations chosen for the statistical test

Name Tree depth  Number of trees

minmin 1 8
minhalf 1 128
minmax 1 1024
halfmin = ;02 /2 8
halfhalf  §p42/2 128
halfmax  pqs/2 1024
maxmin  dpar 8
maxhalf 0,0z 128
maxmax  Omaz 1024
CD
1 2 3 4 5 6 7 8 9
L | 1 1 | |
halfmax ——— maxmin
maxhalf minhalf
halfhalf halfmin

minmin

Figure 4: The post hoc test result ovenall views with Nemenyi test with CD (Critical value) when « = 0.05.

Note however that one can.see small differences in some of the views tested, as illustrated
in Figure 3: from Pigures 3 (c) and (d), it is clear that the worst RFD measure is obtained
from forests with very few trees and minimum tree depth, while the best RFD measure is
obtained with very/large forests and maximum tree depth. In contrast, this trend is not as
clear in Figures 3 (a) and (b); the worst results are not clearly located at top-left corner of
the color=map, and the best results are neither located exactly at bottom-right corner. This
may be’due to the fact that the views on the left (Figure (a) and (b)) have a very small
number of samples (67 and 75 instances respectively) and that the resulting learning phase
is inherently less reliable for these cases. However, even with very few instances for learning,

the trend is still observable on these figures.
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3.2.3. Discussion

From this study on the parametrization, one can see that the general trend for all datasets
is similar: the RFD measure is more reliable when the RF contains more trees and when
these trees are fully grown. From the overall comparison on the real-world datasets, the
mazmaz setting (1024 trees with maximum depth) appeared to be better than the mazhalf
setting (128 trees with maximum depth) but not statistically significant, whiech means that
128 trees already allow to obtain a quite good RFD measure for mostfef the views. For
a better insight into this, Figure 5 shows the result of the Nemenyi post-hoc test when
focusing on the number of fully grown trees. It shows that the pérformamce gaps for forests
from 256 to 1024 trees are not statistically significant. Howeyver, thesedifferences in terms of
average ranks, observable on this figure, are still important enough from our point of view to
consider using more than 256 trees. Nevertheless, it issworth-noting that the computational
cost of learning an RF classifier is directly proportional to the number of trees [63]. Hence,
in all the remaining experiments, all the RF haye “been learned with 512 trees as a good
compromise between reliability and computatienal costs. And of course, all the trees have

been fully grown all along these experiments.

—_—
2 3 4 5 6 7 8
| | | | | | |
1024 — 64
512 32
2% —————————— 16
128 — 8

Figure 5: Comparison of RFD results with different numbers of trees and with maximum tree depth, using
Nemenyi test with CD (Critical value) when a = 0.05.
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4. RFD-based multi-view learning

In the previous section, the RFD measure has been introduced and applied to each view
of each dataset. For multi-view learning, one needs now to fuse the dissimilarity matrices
built on each view and to learn a classifier from the resulting joint dissimilarity matrix.

A natural way to fuse the dissimilarity matrices is to compute the unweighted aver-
age matrix. For multi-view learning tasks, the training set T is compeged) of ) views:
T@ = {(ng),yl), . (Xg\q,),yN)}, g = 1..Q. From these views, @ RFD matriees are com-
puted following Equation 2 and noted {D(}%), g = 1..Q}. For multi-view=learning, the joint

dissimilarity matrix Dy can be computed as in Equation (6).

Q
1
Du=—~)» Dy (6)
Q=

According to the work in [61], learning from4a dissimilarity matrix Dy can be done in
two different ways: (i) by using the corresponding similarity matrix Sy = 1 — Dy as a
kernel matrix in a kernel-based learning method, e.g. a SVM classifier (named RFSVM in
the following and illustrated in Figure 6a) and (ii) by using the dissimilarity matrix Dy as
a new training set (named REDIS in" the following and illustrated in Figure 6b).

Multi-view Random Forest kernel SVM (RFSVM): Instead of using traditional
kernels, such as the Gaussian Radial Basis Function kernel, SVM classifiers can be efficiently
trained on user<defined kernels. For example, in [64], the authors proposed a problem
dependent distance measure to construct a substitution Gaussian kernel. Such a user-defined
kernel can be supplied to SVM classifiers as a kernel matrix as long as it is positive semi-
definite, (p.s.d). For RFSVM, the joint similarity matrix Sy is used as a kernel matrix. The
proof that it is p.s.d. is given in Appendix A. Then, given a test instance X, the joint RF
similarity vector S;, which contains the average similarities between the test instance and
each training instance among different views, is given to the trained SVM for prediction.

Multi-view random forest dissimilarity (RFDIS): RFDIS consists in learning an
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Figure 6: Flowchart of (a) the RFSVM method and (b) the,RFDIS method

RF classifier H as if Dy was a new training set. /I’heyjoint dissimilarity vector is seen
as a feature vector, and an RF classifier is built on these new features. In other words,
the original data are projected from the feature“space to the dissimilarity space. In this
case, the dimension of the dissimilarity spacetis the number of instances in the training set.
For HDLSS data, it will necessarily reduce the data dimension without feature decimation.
Given a test instance X;, the joint RF similarity vector S;, which contains the average
similarities between the test instancerand each training instance among different views, are
given to the RF classifierfor prediction.

As far as we know, only one method has already been proposed that perform learning
from a joint RF dissimilarity matrix: the method in [48], named MDSRF in this paper.
This method/is similar to RFDIS except for two aspects. First, the computation of the
joint similaritysmatrix differs in that, for REFSVM and RFDIS, it is an unweighted average
combinatien whereas in MDSRF, it is a linear combination with weights optimized through
a coargé-grained grid search. Second, RFSVM works in a kernel space and RFDIS works
in a dissimilarity space, whereas MDSRF works in an embedded space obtained with a
multi-dimensional scaling (MDS).

These three methods, RFSVM, RFDIS and MDSREF are compared to other state-of-the-
art methods on different HDLSS multi-view learning problems in the next section.
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5. Experiments and results

In this second set of experiments, the two RFD-based multi-view learning methods pre-
sented in the previous section are compared to several state-of-the-art methods, from the
Radiomics and/or from the multi-view learning literature. The datasets used in this exper-
iment are the real-world datasets used in the preliminary study (cf. Table 1) but the data
are now treated as multi-view. Let us recall that all these datasets are multi-view datasets,
that is to say they are made up with several views (description spaces) of the same data

istances.

5.1. Experimental protocol

For this experimental validation, six methods are compared: one state-of-the-art Ra-
diomics solution based on feature selection, namely SVMRFE [32, 33|; four intermediate
integration methods, i.e. the proposed RFSVM and*RFDIS presented in section 4, the MD-
SRF method proposed in [48] and the MKL method EasyMKL [45]; and one RFD-based
late integration methods, namely LateRFDIS, from [22]. This latter method is a basic MCS
architecture, which firstly builds an RFD matrix on each view, then trains an RF classifier
on each of these dissimilarity matrices, and finally combines these RF classifiers by majority

voting. All these methods aré.sum up in Table 3.

Table 3: An overview of all the methods compared in this work

Methods Integration Method Overview Learning space

SVMRFE [33] Early Embedded feature selection; state-of-the-art in Radiomics Reduced feature space
RFSVM Intermediate RFD-based MRF Kernel space

RFDIS Intermediate RFD-based MRF Dissimilarity space

MDSRF (48] Intermediate RFD-based MRF Embedded dissimilarity space
EasyMKL [45] ™ Intermediate Gaussian, linear and polynomial kernel based MRF Kernel space

LateRFDIS Late Majority voting based MCS Dissimilarity space

For’the SVMRFE method, the number of features to select, which is a hyperparameter
of the method, is set according to the total number of features following the rules described
in [22]. An RF classifier is then built from the selected features. For all the RF classifiers
used in this experiment, the number of trees is set to 512 as explained in section 3.2.3, while

the other parameters are set by default as proposed in the Scikit-learn machine learning
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framework [65]. As for the SVM based method, the usual hyperparameter C' is used to
define the penalty factor. Its value is classically set using a grid search with cross-validation.
For EasyMKL, a similar grid search with cross-validation strategy is used to find the best
combination of kernels among a pool of linear kernels, gaussian kernels and polynomial
kernels with different hyperparameters, following the protocol given in [66].

Finally, similar to the preliminary study, a stratified random splitting precedute is re-
peated 10 times, with 50% of the instances for training, 50% for testing. Ia order to compare

the methods, the mean and standard deviations of accuracy are evaltated over 10 runs.

5.2. Results and discussions
The results of this experimental comparison are given amd“discussed in the following,

firstly for non-Radiomics datasets and secondly on the/Radiomics datasets.

5.2.1. Results on non-Radiomics data

Table 4: Experimental results with 50% training datarand’ 50% test data for non-Radiomics data

Dataset SVMRFE RFSVM REFDIS MDSRF EasyMKL LateRFDIS
LSVT 84.12% 84.12% 83.33% 85.07% 80.95% 81.42%
+3.48 +2.93 +3:97 +2.61 +3.40 +2.66
Metabolomic 63.54% 68.75% 67.71% 67.29% 58.33% 64.37%
+7.53 +5.10 +5.12 +6.94 +5.89 +6.55
Cal7 94.57% 96.36% 95.21% 86.95% 96.40% 93.98%
+0.86 +0.47 +0.67 +0.85 +0.87 +0.73
Cal20 85.06% 88.39% 89.12% 64.94% 92.33% 86.15%
+1.98 +0.34 +0.69 +0.52 +0.59 +0.58
Mfeat 91.13% 97.83% 97.56% 87.90% 95.66% 96.56%
+4412 +0.95 +0.99 +2.66 +1.54 +1.26
BBC 74.19% 95.63% 92.82% 93.37% 97.98% 88.88%
+1.76 +0.39 +0.67 +1.09 +0.73 +0.50
BBCSport 78.05% 95.56% 81.75% 90.69% 96.98% 81.61%
+2.88 +0.81 +2.70 +2.07 +0.31 +1.96
NUS-WIDE2 91.61% 93.77% 92.49% 92.30% 93.15 91.94%
+1.26 +0.85 +2.01 +1.50 +0.98 +1.28
NUS-WIDE3 76.48% 82.56% 79.41% 80.63% 78.33% 78.60%
+3.07 +1.78 +1.94 +1.34 +1.29 +2.26
AWAS 38.87% 56.90% 56.06% 21.00% 43.75% 51.31%
+3.34 +1.86 +1.35 +1.52 +3.56 +1.05
AWAT15 19.31% 37.46% 37.90% 8.2% 24.98% 32.35%
+1.38 +0.78 +1.49 +0.42 +7.90 +1.17
Average Rank  5.04 1.68 2.72 4.18 3.18 4.18

The average classification rates over the 10 repetitions, along with standard deviations,

are shown in Table 4. From the average ranking, it can be seen that the RFSVM method
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performs globally the best among the six methods, followed by the RFDIS and EasyMKL
methods, while the state-of-the-art Radiomics solution (i.e. SVMRFE) is ranked the worst.

Comparison of the multi-view solutions and the state-of-the-art Radiomics
solution: From Table 4, one can see that all the multi-view methods are globally better
than the feature selection method SVMRFE. To better assess the difference,/a pairwise
analysis based on the Sign test is computed on the number of wins, ties and lesges as,in [67].
The result is shown in Figure 7 (a). All the multi-view solutions are comparedito SVMRFE:
each vertical line indicates the critical value corresponding to a confidence level o equals to
0.10 and 0.05. If the number of wins is above these lines, the corresponding method can
be considered to be significantly better than the baseline methodwFigure 7 (a) shows that
except for MDSRF, all the methods are significantly better.than’SVMRFE with a = 0.05.
RFSVM and RFDIS are the ones that win the most-against. SVMRFE.

I Win B win
LateRFDIS i Tie LateRFDIS I Tie
|Loss [ JLoss
EasyMKL ==a =010 EasyMKL . — = 0.10
2 = 0.05 ] = 0.05
z s
€ MDSRF E M DSRF
[=} =3
= 2
RFDIS RFDIS
RFSVM RFSVM
0 5 10 0 2 4
# Datasets # Datasets
(a) Multi-view methods compared to SVMRFE (b) Multi-view methods compared to SVMRFE
on non Radiomics data on Radiomics data

Figure 7: Pairwise comparison between multi-view solutions and feature selection methods for non-Radiomics
data. The vertical lines.illustrate the critical values considering a confidence level a= {0.10, 0.05}.

Comparison of the RFD-based methods (RFSVM, RFDIS, MDSRF): Let us
recall that each™method exploits the RFD measure in the three different possible ways for
dissimilarity=based pattern recognition according to [61, 68]: RFSVM uses a kernel space,
RFDIS a dissimilarity space, and MDSRF an embedded space. From Table 4, it can be
seen that RESVM clearly outperforms the two other methods which indicates that kernel
space seems to be the best approach. Note that the MDSRF method is quite accurate on
2-class problems, but not so much for multi-class problems, while the proposed RFSVM

and RFDIS are as accurate for both. The reason may be that the MDSRF is based on an
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embedded space as explained in section 3, which may suffer from a loss of information as
the dimension is reduced. This information loss is more obvious for multi-class data (Cal7:
7 classes, Cal20: 20 classes, Mfeat: 10 classes, AWAS: 8 classes, AWA15: 15 classes).
Comparison of the RFSVM method and the state-of-the-art MKL method
(EasyMKL): Let us recall that RESVM and EasyMKL both adopt the same kind of kernel-
based principle. From average ranking in Table 4, one can see that both RFSVM and RFDIS
globally outperform EasyMKL. EasyMKL is accurate for most datasetsdexcept for the two
medical datasets (LSVT and Metabolomic) with very small datasize (126 samples and
94 samples respectively). This stresses that the proposed RESYVM method, as well as the
RFDIS method, manage to better handle HDLSS datasets than the’state-of-the-art MKL
approach. Let us also recall that, contrary to EasyMKLjthe RFSVM method does not
require a greedy optimization of the kernel combination, neither requires to choose a priori

the different kernel to use in the combination.

5.2.2. Results on Radiomics data

In the following, the previous analysis.isseonfirmed on the real-world Radiomics datasets.
The results are gathered in Table 5By looking at the average ranking, the RFSVM method
is still ranked first and the MPDSRE,method is ranked second. As for the feature selection
method SVMRFE, it is still ranked last.

Table 5: Experimental results with 50% training data and 50% test data for Radiomics data

Dataset SVMRFE RFSVM RFDIS MDSRF EasyMKL LateRFDIS
nonIDH1 76.28% 80.69% 79.53% 82.55% 76.04% 80.93%
+4.39 +2.76 +3.57 +4.55 +2.37 +2.51
IDHeodel 73.23% 76.76% 76.47% 73.82% 72.35% 76.17%
+5.50 +4.52 +3.95 +4.26 +2.35 +2.06
lowGrade 62.55% 63.95% 63.48% 62.55% 64.65% 65.11%
+3.36 +4.56 +3.76 +5.53 +4.26 +5.20
progression 62.36% 65.52% 63.42% 65.00% 59.73% 58.94%
+3.73 +4.47 +6.49 +5.95 +6.00 +6.02
Average Rank  4.875 2.000 3.250 3.125 4.750 3.000

Comparison of the multi-view solutions and the state-of-the-art Radiomics

solution: From Table 5, one can see that all the multi-view solutions are generally better
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than the Radiomics solution SVMRFE. Similar to the analysis on non-Radiomics problems, a
pairwise analysis based on the Sign test is also given in Figure 7 (b), and the same conclusion
holds: the two proposed methods, RFSVM and RFDIS, significantly outperform SVMRFE
with o = 0.05.

Comparison of the RFD-based methods (RFSVM, RFDIS, MDSRF): Here
again, the same conclusion goes with the Radiomics datasets: the RFSVM.method. is still
the best method, followed by the MDSRF method. The MDSRF method s still slightly
better on 2-class problems, which also confirms the previous conclusion that MDSRF works
well for 2-class problems.

Comparison of the RFSVM method and the state-of-the-art MKL method
(EasyMKL): Table 5 shows in particular that the EasyMKL/ method has much worse
performance on Radiomics data than on non-Radiomics data, which seems to confirm that
EasyMKL hardly handles very small datasets like in the medical field. The proposed RESVM
and RFDIS on the other side still work well for\both-Radiomics or non-Radiomics data.

5.2.3. Discussion

From the results on both non-Radiemics and Radiomics data, the following conclusions
can be drawn: (i) in general, the multi-view solutions outperform the state-of-the-art Ra-
diomics solution, and the differences are always statistically significant for the two proposed
RFD-based methods; (it). by eemparing three different possibilities of learning with dissimi-
larity, learning in kérnel'space seems to be the best choice for multi-view learning problems,
while one can note that the MDSRF method, that uses an embedded space, is less accurate
for multi-class\problems; (iii) by comparing RFSVM to MKL method, one can see that even
though beth methods use kernels, the RFSVM method is better than MKL, especially for
very small,datasets like in the Radiomics application. These results also stress that the RF
kernel outperforms the traditional gaussian, linear, and polynomial kernel in the HDLSS
context. Let us finally recall that the RFSVM method has the strong advantage to not
require the optimization of the kernel combination, neither to choose the different kernels

to use beforehand.
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6. Conclusion

In this work, by treating the Radiomics application as an HDLSS multi-view learning
problem, it has been shown that the classical feature selection approach adopted by most
works in the Radiomics literature is not the most appropriate learning principle for inferring
an accurate predictive model. By comparing such a state-of-the-art Radioniies method,
namely SVMRFE, to multi-view learning methods, we have shown the.potential of the
latter, in particular for the intermediate integration category of multi-viewsmethods.

The key idea of intermediate integration methods is to fuse the, different views on a
feature level, before learning. To do so, a dissimilarity-based representation has been pro-
posed to allow for the views to be projected in the same deseription space and to be fused
straightforwardly. This dissimilarity space is obtained with the Random Forest Dissimilarity
measure that captures the similarities between instances, from their initial representation
in each view as well as from their class memberships A preliminary experiment has been
proposed to better understand how the RED measure behaves according to the most im-
portant hyperparameters. We have showm,that when there are more trees in the forest, and
the trees are deeper, the resulting RED estimate will be more accurate.

In the second set of experiments, five multi-view methods (four intermediate integration
methods and one late integration method) have been compared to the Radiomics state-of-
the-art method, on several HDLSS multi-view datasets, including four Radiomics datasets.
The results have shown that the multi-view solutions are globally better, but only the
two proposed intermediate integration methods, namely RFSVM and RFDIS, significantly
outperform, the state-of-the-art Radiomics solution SVMRFE. These proposed approaches,
that useltwo well-known principles of dissimilarity-based pattern recognition (kernel and
dissimilarity spaces), have also been compared to a third RFD-based method, MDSRF, that
uses a third dissimilarity-based representation (embedded space), and the result shows that
the kernel space is globally the best option in the HDLSS multi-view setting. Finally, the
comparison has been extended with a Multiple Kernel Learning method, namely EasyMKL,

known to be efficient and straightforward for application to multi-view learning. The results
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show that the RFSVM method is more accurate than EasyMKL while avoiding a greedy
optimization for the combination of a pool of different predefined kernels.

In this work, the RFD measure used for each view shares the same parameter settings,
while we think it could be further fruitful to make the RFD measure suit to the specificities
of each view. One future work will thus be focused on how to better set the parameters
for the RFD measure in a more dynamic fashion. Secondly, the two dissimilarity-based
intermediate integration methods treat all the views with the same imiportance, while a
weighted combination could also be used to generate a better joint dissimilarity matrix.
Finally, all the datasets we tested in this work are complete, without missing values nor
missing views, while it is a preponderant issue for multi-view prebléms, especially in the
Radiomics field. How to deal with this kind of problem is also one of the tasks in our future

works.
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Appendix A. Proof that the joint similarity matrix used in the RFSVM method

is positiveisemi-definite

In the following, a preof that the RF similarity matrix is symmetric and positive semi-

definite (p.s.d) is detailed. These two properties are essential since they ensure that such a

matrix canr beused as a kernel matrix in kernel methods like non-linear SVM [69]. Note that

RF similarity matrices are easily obtained from the RFD matrices defined in the previous

sectiony/by Sy = 1 — Dy.

Let us firstly recall the two following theorems from [70]:

Theorem Appendix A.l. If both A and B are two p.s.d. matrices then so is A + B.

This follows immediately from the equation v (A+ B)x = 2T Az +2" Bx > 0. Consequently

any sum of p.s.d. matrices is p.s.d.
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Theorem Appendix A.2. A symmetric binary matric MA € (0,1)"*", with n > 3, is
p.s.d. if and only if it satisfies the following inequalities:

MA; + MA; < MA; + MA,;, (1<i<j<n,l#iy) (A.2)

Using these theorems, let us demonstrate that the similarity matrix'inferred by a single

tree k, noted S* is p.s.d. From Equation 4, one can see that S* Has the f6llowing properties:
e S% is a symmetric matrix with principal diagonal values'equal to 1.
e The off diagonal entries in S® are either 0 or %

One can reasonably consider that the number of training instances available is greater than
3, and as a consequence, that S® is a symmetric binary matrix € (0,1)"*", with n > 3.
According to Theorem Appendix A.2 dor this/matrix to be p.s.d., it needs to satisfy both
Equations (A.1) and Equation (A.2):

1. As S® is a symmetric biharyamatrix with principal diagonal values ng ) equal to 1,
hence Sg;) < ng )| which Satisfies Equation (A.1).
2. To prove S®) satisfies Bguation (A.2), two situations need to be considered:
(a) If S =1, then S{” + S{¥ = 2. Since S’ <1 and S} < 1, then S{ + 8 <
(k) k
Sy SU.
(b) Af Sg-c) = 0, then Sl(lk) + SZ(»;-C) = 1. At the same time, SZ(?) = 0 means that the i
and/j" instances fall in different terminal nodes, which implies that Sglk) and Sl(f)

can not be both equal to 1. Thus Sglk) + Sl(f) is necessarily less or equal to 1 and

as a consequence, S*) also satisfies Equation (A.2).

This proves that S® meets the requirements of Theorem Appendix A.2, and is a p.s.d.
matrix. It follows from Theorem Appendix A.l that the sum of all S®) Vi = 1..M, is also

p.s.d., meaning the RF similarity matrix Sy or any linear combination of Sy is also p.s.d.
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